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1 INTRODUCTION 
An important part of the assessment of vibration is frequently the prediction of vibration, either for 
cases where the assessed source is not yet present, or cases where vibration amplitudes are 
known for one location, but are unknown in locations for which assessment is required. 
 
The prediction of vibration has been the subject of limited attention in standards and guidance and 
many practitioners in the field of engineering and consultancy encounter significant difficulties in 
making reliable predictions. 
 
An important part of prediction is a clear understanding of the mechanisms of vibration generation, 
transmission and reception, and no less important is knowledge of the range of parameters that 
govern those processes. It is then a matter of finding an appropriate means of modelling the 
processes involved. Of the three methods of modelling available-empirical, algebraic and numerical, 
the last has many attractions since, in principle, it can reproduce real-world effects, provided a 
suitable approach to uncertainty is adopted where any of the data are incomplete. 
 
2 BASIC PRINCIPLES 

2.1 The source of vibration 

To predict vibration, obviously the first step is to understand the characteristics of the source. 
Measuring a comparable source has advantages, but it will not necessarily generate the same 
vibration in another location. This is because, whereas sound propagates in air, whose 
characteristic impedance varies little, and the radiation impedance of an airborne source, beyond 
the near field, is easy to calculate. By contrast, vibration is generated and propagated in a wide 
range of media, whose impedances vary widely, and in the frequency domain can only be 
represented as complex numbers (or as a modulus and phase angle). Thus, the concept of sound 
power does not have an equivalently simple analogy in vibration. This is not only because the same 
source will cause different velocity amplitudes in different soils (compare driving piles into gravel 
and dense sand for the same input energy), but also a velocity amplitude in different soils will 
produce different amplitudes of vibration in the foundations of a building. 
 
A convenient way to understand the source parameters necessary for prediction when the available 
data are measurement of a comparable source is to create a model of the site where the source 
data were obtained. Using this model, it is possible to compute the transfer function between the  
measurement location and the source, and by applying the transfer function to the measurements, 
the source parameters are determined. 
 
Where the source data are not from measurements, but are from first principles – e.g. vibration from 
rotating machinery, it is necessary to include the major physical characteristics of the source in the 
model. 
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2.2 The propagation path 

In cases where the vibration at a site has been measured in one location, and it is necessary to 
know its amplitude in another location, it is necessary to know how vibration is modified by position, 
and in particular, by distance. 
 
The difficulty here is that unlike sound, which propagates primarily as a compression wave, 
vibration propagates as several types of wave, each of which has different characteristics. Body 
waves in a large space filled with isotropic soil are the analogy to sound waves, except that the 
equivalent of air absorption is much more important. Whereas geometric spreading is not only the 
most significant part of the transmission of sound in air, but is also relatively simple to calculate, in 
vibration cases the conversion of alternating potential and kinetic energy in a wave in a visco-elastic 
medium into thermal energy is as, or in some cases, more, important. This effect is known generally 
as damping and as far as geotechnical matters are concerned it is the least studied phenomenon of 
vibration propagation. 
 
Furthermore, soil is seldom isotropic, and always is bounded by an upper surface, and some other 
soil or rock beneath. Cases where the vibration is generated in rock and the receiver building is 
founded on rock are perhaps the simplest, but even in regions where rock predominates, it is nearly 
always stratified and full of fissures, differing water content, and overlain by weathered or 
decomposed layers. 
 
If the source data are measured, and an extrapolation to another distance is required, this can only 
be done if a reliable assumption about the wave type involve can be made, because the geometric 
spreading of surface (Rayleigh) waves occurs at a much lower rate than, body waves, for example. 
Beneath the ground surface, two types of shear wave (vertical and horizontal) exist as well as 
compression waves, and in strata with very different characteristics from the soil above and below, 
vibration will propagate laterally with low loss due to geometric spreading. In water-saturated porous 
media, an additional evanescent wave is generated at interfaces with other different media, which 
accounts for some of the energy losses in propagation.  
 
If the measurement location is near to the source in terms of wavelengths, the near field impedance 
of the propagation medium will vary markedly from the far field impedance. A further complication 
arises from the fact that certain types of buried sources of vibration, such as railway tunnels, may 
have a pronounced directivity pattern associated with them. As a result, moving away from the 
source not only increases the distance but also, and possibly more importantly, takes the reception 
point into a different part of the directivity pattern. It is known that the level of groundborne noise 
above some, but not all, railway tunnels increases with distance from the tunnel centreline before it 
decays. 
 
2.3 The receiver 

Vibration nearly always requires assessment in a building. Often measurement of source vibration 
are obtained in free-field. It is then necessary to apply a transfer function between the free-field 
surface and the foundations of the receiving building. Furthermore the transfer function between the 
foundations and the floors and walls of the building is as important. When the source of vibration is 
within the building, for example footfalls, the response of the building frame, floors and walls is all 
important. 
 
What is known as the coupling loss factor occurs because of the impedance mismatch between soil 
and concrete foundations. However, calculating this is non-trivial because many modern buildings 
have piled foundations, and the coupling between the building and the ground is strongly dependent 
on the nature of the foundations. If the point of entry into the human body is the issue, the response 
of a suspended floor will be strongly influential. For an existing building, floor responses can be 
measured, but for proposed new buildings, accurate prediction requires accurate knowledge of, for 
example, the support conditions at the end of beams – whether there is any moment connection at 
the joint between a steel beam and a column – what damping loss factor to assume. Further 
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questions arise as to whether live loads on floors are part of the mass of the floor, or whether only 
dead loads should be taken into account. Floors are frequently anisotropic, being stiffer in one 
direction than another as a result of the use of concrete slabs cast on profiled decking. 
 
3 MODELLING METHODS 

3.1 Types of model 

In the complex cases referred to above, algebraic solutions become extremely difficult and in many 
cases intractable. Usually such solutions are only possible when several major simplifications are 
made that introduce important differences between the model and the real life case. Empirical 
models have their place, although large enough bodies of data sufficient to give usable estimates of 
error exist only for limited types of vibration, such as vibration from railways. 
 
Numerical models have the attraction that subject to the error associated with the discretization that 
is always involved, they can yield exact solutions if exact values for the input parameters are 
known. They are basically of three types: finite-element models (FEM), finite-difference-time-domain 
(FDTD) models, and combinations of the either with boundary element models (BEM). REM models 
have the great advantage that there are many commercial packages available, and they are suited 
to complex physical models. FDTD models are not widely available, and are normally restricted to 
Cartesian grids (although non-Cartesian grids are possible). Their advantage is that they are easy 
to code, and they model the vibration by simulating real life behaviour of elements of the model. 
BEM models can be computationally efficient particularly if combined with FEM or FDTD models to 
solve the otherwise difficult integration over the surface of the source, but the required Green’s 
function to represent the propagation characteristics of the medium between the source and the 
receiver is only trivial in cases of homogenous, isotropic material. Solutions for layered anisotropic 
ground become difficult. 
 
It is arguable that the simplest numerical model is the FDTD model, and it is described in the 
following sections.  
 
3.2 The finite-difference-time-domain (FDTD) model 

The finite-difference approach1 solves the wave equation by converting partial differential equations 
into discrete calculations. Despite the many types of wave propagation found in the transmission of 
vibration, there is only one wave equation for vibration in elastic media. It requires modification to 
include damping, but otherwise is universal. 
 
Stated mathematically, the wave equation for lossless propagation is  
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in which 

 s = iξ + jη + kζ (2) 

where ξ, η and ζ are displacements in three orthogonal axes; μ  is the Lamé constant identical to 
the shear modulus; ρ is the density and ν  is Poisson’s ratio. 
 
Figure 1 shows the finite difference representation of equation (1). The region within the model is 
divided up into a 3-dimensional grid of “shoe-box” shaped cells at each corner of which is a point 
shown as a black dot. Each cell, defined as one of the hexahedrons with four black dots as corners, 
is assign a value for its shear modulus, compression modulus, density and loss factor, and for its 
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displacement and velocity in each of the i, j and k directions.. The vibration input to the model 
involves displacing, or adding velocity to, one of the “black dot” points. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1  The basic finite-difference grid 
 
At each time step, based on the displacement of the black dot points, the displacement of the white 
dot points which lie on a staggered grid halfway between the black dot points, is interpolated. These 
“white dot” displacements are then used to compute the strain on the grey cell in the centre. The 
strain is computed in terms of (i) the compression of the three pairs of opposite sides and (2) the 
shear of each face. 
 
The force acting in each i, j and k direction is determined from the product of the strains and the 
relevant dynamic moduli. The centre of the grey cell is then accelerated in the resultant direction by 
the force divided by the mass of the cell, i.e. its velocity increased by the product of the acceleration 
and the length of the time step. The displacement is then increased (or decreased) by the product 
of the velocity and the time step. This process is repeated for as many time steps as are required to 
achieve the necessary run time, e.g. one second. 
 
The outstanding feature of this approach is that all wave types, whether shear waves, compression 
waves, bending waves, Rayleigh waves, Lamb waves or Stoneley waves will automatically occur 
simply as a consequence of the shape of the structure represented by the cells. A beam 
represented by a line of cells surrounded by air or a vacuum will exhibit bending waves, as will a 
plate represented by a two-dimensional slayer of cells. A body of cells with a surface bounded by air 
or a vacuum will exhibit Rayleigh waves. In principle, shear waves occur independently of 
compression waves, but where there is a reflection caused by an obliquely incident wave on the 
boundary between two regions with different properties, wave conversion takes place. This occurs 
automatically in the finite difference grid. 
 
The relationship between the general three-dimensional wave equation and equations for plates 
and shells when free surfaces are taken into account is explained in Reference 1. 
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3.3 Damping 

Damping is not included in equation (1), and additional manipulation is necessary to achieve 
damping in the model. There are basically three types of damping, viscous, friction and hysteretic. 
Viscous damping is caused by relative motion in viscous fluids, e.g. water in a porous medium. 
Friction damping is caused by sliding, either of particles such as sand particles or of surfaces such 
as the joints between steel beams. Hysteretic damping is caused by a lag between force and 
displacement and occurs in soils at large amplitudes4. The three types of damping have different 
frequency relationships. Viscous damping increases directly in proportion to frequency. Friction 
damping is independent of frequency.  
 
Damping may be included in a finite difference model by means of Boltzmann’s expression2 using 
relaxation functions. 
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where ϕ(Δt) = τ

τ
/2 teD Δ− is an after-effect function, D2 is a constant and τ is a relaxation time. D1 is 

a modulus, σ(t) is stress and ε(t) is strain. By combining several after-effect functions with different 
values of D2 and τ, any relationship between loss factor and frequency may be represented. In 
practice, three functions are sufficient to generate the frequency characteristics of most forms of 
damping, an example of which is given in figure 2 . 
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Figure 2  Example of frequency-dependent damping 
 
 
3.4 Absorbing boundaries 

Some models require non-reflecting boundaries, and one of the early difficulties encountered in 
numerical modelling was the achievement of absorbing boundaries. That has been solved by the 
development of algorithms for the so-called “perfectly absorbing boundary”.  
 
4 OUTPUT 
Output from a finite difference model is primarily the time-domain sequence of either velocity or 
displacement of any grid point. This makes possible results ranging from auralisation of 
groundborne noise if the vibration is in the audible range, to computation of Vibration Dose Value or 
spectral density. It is also possible to reproduce the exponential averaging process that yields 
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sound levels using either the “F” or “S” time constants, or to extract indices such as peak particle 
velocity. 
 
5 VERIFICATION AND VALIDATION 
Verification of a numerical model involves comparisons between solutions for dynamic cases for 
which there is a correct closed-form solution, and modelled cases. Most numerical models can 
achieve agreement within a few percentage points. 
 
Of greater importance is the relationship between modelled cases and real-life results. Provided 
that the model is verified as giving accurate results for cases with exact solutions, differences 
between modelled and measured results are attributable to differences between the modelled and 
actual parameters 
 
The major input parameters in a numerical model are 
 

• The physical structure of the model 
• Source characteristics 
• Dynamic properties of propagating media 
 

5.1 The physical structure of the model 

The physical structure of the model is as important as any other parameter, since in all numerical 
models discretisation is required, and this involves inevitable simplification. Furthermore, cell size 
must be several time shorter than the shortest wavelength encountered, and since the need to 
minimise run times is important, there is always a desire to minimise the number of cells in a model. 
Because the different manifestations of wave motion that arise in a complex model all have different 
phase speeds, it is a non-trivial matter to determine the maximum cell size for the bandwidth 
studied.  
 
5.2 Source characteristics 

Clearly the output of a numerical model is a function of the input, and in some cases the input is not 
straightforward. For railways the exciting forces are well understood, and the input can be 
accurately modelled, and for impulse sources such as percussive piling the source is relatively 
simple, although in both cases the spectral content of the exciting force must be filtered to remove 
components outside the bandwidth of the model, itself determined by the relationship between cell 
size and wavelength. For footfalls on the floor of a steel framed building, force time-histories of a 
person walking are available. For rotating machinery, it may be necessary that a significant part of 
the model is used to represent the source. 
 
5.3 Dynamic properties of propagating media 

The four parameters referred to above, shear modulus, compression modulus, density and damping 
affect the output of the model in the following ways. The moduli and density affect the wavenumber 
of eigenmodes in the system. This, in turn will affect the degree of coupling between different parts 
of the system and influence the spectrum shape of the output signal. Furthermore, the effect of 
damping in attenuating travelling waves is a function of the wavelength of the wave, so, for a given 
loss factor, the attenuation in dB per metre is inversely proportional to the wavelength. The effect of 
layering in soil, affects vibration propagation in several ways. Many soils exhibit a progressively 
increasing wave speed with depth, which has the effect of curving the propagation paths of body 
wave towards the surface. 
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5.4 Validation 

Despite the potential for a numerical model to render a near exact solution to a case where all 
parameters are known, it is always the case that some or many parameters will not be accurately 
known. 
 
There are two ways of approaching the uncertainty resulting from unknown parameters. The first is 
purely an extension of the modelling exercise, and involves firstly assigning probabilities to ranges 
of variation in the unknown parameters and secondly re-running the model many times with random 
variations in the unknowns. By this so-called “Monte Carlo” approach, a statistical treatment of the 
output can be made, with confidence limits determined. 
 
The alternative approach is field validation. In many cases where modelling accuracy is critical, 
extensive fieldwork is carried out. This often involves geotechnical investigations, and 
measurements of transfer functions between boreholes or other excavations and the reception 
points are made, and modelled. An example of such as exercise is given in figure 3. 
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Figure 3. Comparison between modelled and measured transfer function between 
subsurface excitation points and ground level receptor. 
 
An important consideration is the fact that the objective of most vibration prediction is comparison 
between a prediction and a requirement expressed in terms of a high level index, such as VDV or 
ppv, or, in the case of re-radiated groundborne noise, LAmax,S. As is evident from figure 3. one of the 
effects of divergences between the model’s representation of the world and the real world is 
frequently an error in the location of peaks in the spectrum.  However, when the result is expressed 
in terms of the required assessment index, the influence of errors of that nature is small. 
 
6 CONCLUSION 
A method of addressing the difficulty of predicting vibration for the purposes of comparison with 
assessment criteria is available. Its use requires knowledge of the properties of materials modelled, 
and site investigation may be required in critical cases to discover the necessary parameters. 
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